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Abstract — A thermodynamic approach to the boundary layer flow system is used to investigate the control rule underlying the flow field. Application

of Pontryagin’s Maximum Principle from control theory shows minimum rate of entropy production to be the control rule for the flow field, in common
with other dissipative processes. This result is used to investigate possible organised motion in the turbulent boundary layer and the generation of
longitudinal vortices which is known to be an intrinsic characteristic of turbulefic2001 Editions scientifiques et médicales Elsevier SAS

1. Introduction

One of the most important fundamentals remaining to be discovered in fluid dynamics is the mechanism
or principle governing fluid motion. Principles governing motion are known in other branches of physics; for
example Hamilton’s Principle in analytical mechanics, where the governing equation and the principle are
related through variational analysis. In the case, the physical meaning of Lagrange’s function is quite clear: it
shows the difference between the kinetic and potential energies underlying the mechanical motion. Much work
has been carried out to find the variational principle in the field of fluid dynamics. However, to the best of the
author's knowledge, Lagrange’s function for the Navier—Stokes equations for steady incompressible flow has
been shown to be non-existent by Brill [1], Millikan [2] and Gerber [3] (detailed discussions are reviewed by
Serrin [4] and Finlayson [5]). The reason would appear to be partly due to the complex non-linear behaviour of
fluid motion.

An alternative approach considered here is to apply the thermodynamic concept of irreversible processes
(Prigogine [6], Grandsdorf and Prigogine [7]). Entropy increases in a dissipative field, while the rate of increase
should be minimum in the case of the establishment of a stable field in an open system. As fluid flow is generally
dissipative, the thermodynamic concept of irreversible processes is considered also to be applicable to fluid
dynamics.

The purpose of this work is to investigate the applicability of the principle of minimization of entropy
production rate as the control rule of fluid motion using a procedure from control theory developed by
Pontryagin et al. [8], and to examine possible organised motion under this control rule. The boundary layer
flow system is investigated as an interesting flow field for this purpose.

This paper is organised as follows. In order to apply a thermodynamic approach to the flow system, section 2
introduces the entropy equation in the general form for incompressible flow. Viscous dissipation is the only
irreversible process in this case, and the dissipation function is re-written by using the Navier—Stokes equations
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and the continuity equation such that the entropy equation can be reduced to the diffusion equation of the
entropy, with the entropy production term in the quadratic form of the vorticity in the flow.

Entropy change in the streamwise direction of the boundary layer flow is discussed using the equation, and
integration of the cross-section normal to the main stream is performed for convenience so that the entropy
equation is reduced to a one-dimensional linear differential equation with respect to the streamwise variation.

Section 3 investigates the control rule of the boundary layer flow along a flat plate using the previously
derived equation. In this application, entropy is ever increasing in the downstream direction, reaching its
maximum value at the downstream end boundary. For this physical reason, the Maximum Principle due
to Pontryagin et al. [8] is applied instead of the variational method used in previous works (Serrin [4],
Finlayson [5]) — the variation depends on the boundary, and while caution is needed when applying any
variational methods, the condition at the end boundary is more relaxed when the Maximum Principle is applied.

In the Maximum Principle, the optimum process under given optimum conditions is considered to be the
realisation of the maximum Hamiltonian along the path, and this is achieved by optimisation of the control
function. In a flow system, the control function is the viscous dissipation which is determined by the flow field,
and the problem in this case is to find the optimum condition which obtains the maximum Hamiltonian along
the streamwise path. This optimum condition is considered to be the control principle underlying the boundary
layer flow system.

Sections 2 and 3 consider the turbulence of the flow in the time-averaged form. Section 4 extends the control
principle obtained to investigate the behaviour of the turbulence. The dissipation function in the original entropy
equation is seen to reveal the entropy growth rate of the turbulence, and the possible patterns of turbulence
satisfying the principle are obtained by the classical method of variation from the integration of the cross-
section normal to the main flow. As the Navier—Stokes equations are not involved in this analysis, as opposed
to section 2, the patterns derived appear to exhibit fundamental characteristics of turbulence, particularly
longitudinal vortices, and the turbulent flow in the existing boundary layer is considered to be established
in relation to the mean flow, Reynolds number, boundary conditions and so forth.

Comparison of the analytical results derived in this paper with experimental observations will validate the
applicability of this approach to revealing the nature of the flow field.

2. Entropy equation

The general entropy equation for fluid motion per unit mass is shown in equation (1), whaeds" denote
respectively the density and absolute temperature of the fluid. As the present work concerns the dissipative
process, viscous incompressible fluid is investigated so as to eliminate the change of fluid properties with
temperature variation due to compressibility, in order to avoid complex interactions with the compressibility
effect. p and T are both constants for the case under considerafipfiD: and: denote respectively the
substantial derivative and time, adddenotes the dissipation function due to viscosity.

Ds_

TS =9 (1)

P
Boundary layer flow is generally known to be continuous, and entropy change in the boundary layer is also
therefore assumed to be analytically regular. For a boundary layer with viscous dissip&itaken to be the
entropy increase over that of the external isentropic flow. Using the Navier—Stokes equation and the continuity
equation,® can be rewritten as the sum of the diffusion term of the static pregsared the quadratic term

of the three-dimensional vorticity vectes, whereu andv denote respectively the viscosity and kinematic
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viscosity of the fluid (Aihara [9,10])
Ds
T—- =—-2vV? 2, 2
pT o vWp + uw 2)

whereV? is the Laplacian operator.

The thermodynamic relationkd= T ds + dp/p is used to eliminatg from equation (2), the static enthalpy
h being constant in this case. Equation (2) is then made dimensionless using the entropy of the external flow
so as the reference entropy, the boundary layer thickdessthe reference length, the main flow velodityas
the reference velocity, artf U as the reference time, thus:

as v _, v U? 5
— 4+ V.vs=—Vs+

— ", 3)
ot U$é Us Tsg

wherev andV denote respectively the non-dimensional velocity vector and gradient operator.

In equation (3),s andv are generally composed of the time-mearendVv and the fluctuations’ andv’.
Applying Bousinesq’s assumptiors’ = —e Vs, the time-averaged form of equation (3) is given by

2 U?
vwm:v-(”+8)v- Y

Y (2t w? 4
U5 )V s @ T @
wheree is the turbulent diffusivity of. As the entropy tends to increase and the flux unifies the entropy in the
field, it seems reasonable to assume that the flux is directed from the higher entropy region to the lower.

The case of the boundary layer along a flat plate will now be investigated as an example of a typical boundary
layer flow. Here, the parallel flow approximatioh= § = constant, is used for analytical convenience. This is
considered applicable to a high Reynolds number flow except for in rapidly growing regions of the boundary
layer, such as near the leading edge or in the transition region; that is, where the boundary layer thickness can be
considered to vary slowly compared to the streamwise entropy growth, it appears that the latter can be analysed
approximately under the assumption of parallel flow. This approximation has been applied successfully in the
linear stability analysis of laminar boundary layers, for instance.

As the integral method is used in the following analysis, trial functiong fords are introduced, for instance
by applying the Ka&rman—Pohlhausen procedure (Schlichting [11]). The boundary conditions to be satisfied by
s areds/dy = 0 on the wall (that is, the increased entropy in the boundary layer is not transferred to the solid
wall), and smooth approach to 0 at the external boundary. In this ¢asels are written as

V=V(y),

_ . 5)

5(x, y) = x1(x0)5(y),
wherex andy are the streamwise and normal coordinates respectivelyx(tk¢ term in the expression for
5 denotes that the streamwise entropy growth is dependent on the behaviour of the boundary layer flow. For
another boundary condition, wherés given on the wall, an additional function efis given on the right-hand
side ofs in equation (5). The latter, however, has no bearing on the following analysis since it is eliminated by
differentiation with respect t® in equation (4).

Substituting equation (5) into equation (4) and integrating the result with respgdtam 0 to 1 and with
respect toz from 0 to the spanwise characteristic scale of the turbulence or to the extent of the turbulence
correlation! yields the following second-order differential form foy:



50 Y. Aihara / Eur. J. Mech. B - Fluids 20 (2001) 47-55

dle d.x
dxz kl - kzm (6)
/ / 2 L o7) dz dy,
where
Re usd vz 1 1 Us
ky = c Jo 1MAS > ko = T Re= —; Reynolds number

andu(y) is the mean streamwise velocity distribution in the boundary layer.

3. Application of Pontryagin’s Maximum Principle

Usually, Pontryagin’s Maximum Principle is applied to obtain time-wise optimum control of a system from
its characteristic state equations and a given optimum condition (Pontryagin et al. [8]). In the case under
consideration, namely the boundary layer along a flat plate, the variable is the streamwise coordeéiee
the present application is considered in more detail, the principle is summarised in a form convenient for the
analysis as follows.

The state of the system is described by the state equations

dx;
dx

= fi(x(x),mx),x) (=12...,n), (7)

where m(x), generally the control vector, is the integration of viscous dissipation of the vorticity in the
considered case. The initial condition of the state vext6y is given. State vectax(x) must be found which
satisfies the given optimum condition

L
X0 = /0 fo(x(x), m(x), x) dx; min (8)

and the following necessary conditions:

(1) HamiltonianH = >"7_, p; f; is defined as the sum of the productsfoind the auxiliary functiomn; (x),
andx; and p; satisfy the canonical equations

dy, 0H
dr — ap;’
l 9)
= — 1=0,1,2,... .
ar 0%, (i=0,12...,n)

(2) H takes the maximum valug* (0 < x < L) along the optimum growth of the boundary layer, where
is the streamwise distance measured from the leading @dge);

(3) po is a negative constant, apd (i =1, 2, ..., n) are negative;
(4) when the end statey(L) is not specifiedp; (L) =0
(5) when f; = f;(x,m), H* =0;
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(6) when f; = > _; aixxr(x) + gi(m), a; = constant(i = 1,2,...,n), the sufficient condition of the
Maximum Principle is verified.

In the present application, the state equations are derived from the entropy equation, equation (6), and are
written in linear form as

dvy
- = X2

dx

& (10)

=2 = kyxp — kom,
dx 1X2 2m

wherex; reveals the development of entropy as a functiom ahdx, reveals the spatial rate of change.

In the usual application of the Maximum Principle to control engineerjiadn equation (8) is given and the
control vectorm is adjusted to obtain maximur along the integral path, and the optimum proceg$7*,
m*) is achieved satisfying the optimum condition, equation (8). In the present cagejsagiven from the
vorticity of the flow field (equation (6)), the optimum process is only achieved by reasonable insigfgt for
The fy thus obtained is considered to give the control rule of the boundary layer flow system.

fo is generally obtained by solving the system of equations (9) and (10), where it is easily seen to be involved
in the linear form. The uniqueness of the solution of the linear partial differential equation systggigan
interesting subject. In the following analysis, howevgris set more straightforwardly considering the present
application of the thermodynamic concept of irreversible processes.

The right-hand sides of the expressions in equation (10) respectively ghamd >, and conditions (5) and
(6) can be seen to be satisfied. kgyin order to investigate the applicability of the assumption of minimum
entropy production rate [6,7], the integraiglis taken to ber,. The problem is now reduced to one of verifying
the realisation off* = 0 at any value ok in the boundary layer with a physically reasonadlg the optimum
value ofm.

The HamiltonianH and the canonical equations fpr(x) are written as

H = poxz + p1x2 + pa(kixo — kom),

dpo

2 _0

dx 9

d_ ()
dx

dp

—= = —po— p1— kipo.
dx Po— P1 1p2

Solving forx; ~ p» yields the following, wherel; ~ ds are integration constants.

d
X1 = /eklx (/ekl"(—kgm) dX) dx + k—ieklx +d2,
xp = € ( / e MY (—kom) dx + d1>,

po=dsz, (12)

p1=da,
pa=g"" (/ €4 (—po — p1) dx + d5>-
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From condition (4), integration constadif is determined to be 0.

In the laminar boundary layee & 0), m is given by Blasius’s solution for the velocity distribution in the
boundary layer (Schlichting [11]) and is a constamt, under the approximation of parallel flow. The same is
true for the fully-developed turbulent boundary layer where the streamwise change of the flow field, including
the statistical distribution of the turbulence, is slow and so the same approximation can be adopted. Thus, in
the turbulent boundary layes is also regarded as a constamt,, although its value is much larger than in
the laminar case. The valuesiafandk; in the turbulent boundary layer also differ from those in the laminar
boundary layer due to the change of diffusivity as can be seen from equation (6).

H* is then determined to be as follows
. dgkzm*
=

H*

+ dq1dsk;. (13)

H* is seen to be independent.ofind constant along the direction of the flow. The integration constartsd
ds in equation (13) are now determined as follows.

Entropy continues to increase until the end state is reached, where its value will be at its peak in the system.
Thus,x»(L) =0, and sal; is determined as

dy = _kj{_’zfe—klt. (14)
Sincep,(L) = 0 due to condition (4)ds is given by
ds = Z—iem. (15)
Substitution of these results into equation (13) reveals
H*=0. (16)

This result shows that the boundary layer flow system is formed under the optimum control rule of minimum
entropy production rate derived from the thermodynamic principle of irreversible processes, where optimum
control is performed by the dissipatiom* which takes different constant values in the laminar and turbulent
regions. In other words, the boundary layer flow naturally observed is considered to be a typical dissipative
system in the sense that the system is governed broadly by the concept of irreversible thermodynamics.

The relationship between the entropy increase and the behaviour of the boundary layer appears to be as
follows. In the laminar boundary layer of the upstream region, the initial conditig®) = 0 must be satisfied.
Where the transition from laminar to turbulent flow does not take place until the end of thelpliatéaken
to be the plate lengttD. Where transition occurd, is regarded as being at the downstream end of the
laminar region because entropy tends to reduce beyond this point and the flow system is not able to continue
thermodynamically. The entropy growth in the laminar region is thus obtained to be as follows:

X1 = kzm*x - —kzm*efle éqx —-1). (17)
2
kl kl

After the transition, the boundary layer becomes turbulent and the valliésoalwaysD. x; takes the same
form as in the laminar case. The initial condition of the turbulent boundary layer will be given at its virtual
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origin, but is not always specified under the present approximation of parallel flow. From equation (17), the
entropy production rate, approaches 0 as approached.. Therefore, the application of the parallel flow
approximation is seen to require a correction near the end state of the boundary layer flow.

This analysis shows that a common underlying control rule can be applied in both the laminar and turbulent
regions of the boundary layer. In the transition region, however, the parallel flow approximation cannot be used
and the concept of minimum rate of entropy production is not applicable; the transition is therefore beyond the
power of the present analysis. The entropy growth in the boundary layer before and after transition is therefore
discontinuous, entropy of course being higher after transition.

4. Formation of longitudinal vortices in theturbulent boundary layer astheresult of Minimum
Entropy Production

In the previous discussion, minimum growth rate of entropy was found to be the rule controlling the boundary
layer flow system. For the turbulent boundary layer, the turbulence as well as the mean velocity distribution is
treated as the statistical mean value in the previous sections. The underlying physical principle obtained for the
mean flow is expected to be the same principle as that governing instantaneous turbulent motion. The analysis
will now be extended to investigate possible organised motion in the turbulent boundary layer.

Returning to the original equation, equation (1), this is equivalent to the minimization of the integration of
the dissipation function on the right-hand side with respegtdadz, as was done in equation (4). The velocity
field is considered to be the superposition of the mean flow and turbulence as follows:

u=u(y)+u'(x,y z,1),
v="1"(x,y,2,1), (18)

w=w'(x,y,z,1),

where the mean velocity field is assumed to follow the parallel flow approximation consistent with the analysis
in the previous sections. The dissipation function is thus written as
2

o=u{2((50)+ () +(5))+ ()
K 0x dy 0z 9z ay

2

dw'  ou'\® /dm  ou  9v\?
— —+—+—) . 19
+<8x+8z>+<dy+3y+3x)} 49
By variational analysis, Lagrange’s equation with respeat is obtained as
a 0d ] ad ad
_( B,)Jr_(_a/)__:o (20)
dy A5y 9z \a(5%) ou’

and substitution for then yields
0%’ n %u' 9% n d’u
ay?  9z%2  9x?  dy?
Likewise, from the Lagrange equations tgrandw’, the following equations are derived.

—0. (21)

%0 3% 3%
+ - =0
dy?  9z>  0xdy

(22)
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2w %w' %
+ - =0.

dy? 0z2  09x0z
From these equations, the process of establishment of the turbulent flow field can be seemw; isajéaerated
based on the mean flow in the boundary layer as shown by equation (21), amdi w’ are induced in

response ta:’ as shown in equations (22) and (23) respectively. The analytical solutions of equation (21)
are straightforward, and the turbulent flow corresponding to each solution will now be considered.

One of the homogeneous solutions f6in equation (21) shows spatially periodic turbulences. For instance,
u' is periodic in theyz-plane and the intensity changes streamwisey’ @s periodic in thexz-plane and the
intensity distributes normal to the wall.

Another homogeneous solution farshows that the turbulence is confined in a cone having its axis aligned
with the direction of the main flow and its apex at the origin of the disturbance. Experimental observations of
the turbulence spot seem to show the similar patterns to this type of solution.

The inhomogeneous term of equation (21) reveals that the mean flow in the turbulent boundary layer plays
the role of determining the original position and intensity of the various types of turbulence. From the linear
form of equation (21), these turbulences are considered to occur randomly.

The elimination ofu’ from equations (22) and (23) results in the following Laplace equation ingfmane
for the streamwise vorticity,

(23)

%w,  %w, ow' v
=0, w,=—-——.
0y?2 072 dy 0z

(24)

Equation (24) shows that in the formation of longitudinal vortices, the basic flow does not appear explicitly,
and thus the generation of longitudinal vortices is considered to be intrinsic to the turbulent boundary layer.

Among the various possibilities which can result from equation (24), a pair of counter-rotating longitudinal
vortices corresponding to the solution of the doublet is of interest in relation to the empirical observations of
many investigations including the excellent review (Cantwell [12]) and other recent works. The generation
of longitudinal vortices and the mechanism of energy supply to the turbulence through the breakdown of
longitudinal vortices have been well investigated experimentally, while the mechanism of the generation of
longitudinal vorticity due to turbulence has been investigated from the viewpoint of self-organisation of the
turbulent boundary layer (Aihara [9]). The present result, that the generation of longitudinal vortices is intrinsic
behaviour of the turbulent boundary layer, thus seems to be plausible considering empirical observations.

The distribution of the streamwise vorticity expressed by the doublet appears to show the state that the pair
of concentrated vortices come closer to each other, which is often observed in the development of a pair of
longitudinal vortices in the turbulent boundary layer, including Goertler vortices (Inagaki and Aihara [13]).

The results in this section are obtained by using the original entropy equation, equation (1). As opposed to
the discussions in sections 2 and 3, the Navier—Stokes equations are not involved in the analysis. The resultant
forms of turbulence are therefore considered to show the fundamental patterns of turbulence in the turbulent
boundary layer. The multiplicity of patterns seems to correspond to entropy increase in the flow field.

The analysis developed in this section is restricted within the parallel flow approximation used for the mean
flow of the boundary layers in sections 2 and 3. If one were to start from equation (20) without the restriction on
the mean flow fields, admitting a priori the minimization of entropy production rate to be the general principle
in a dissipative field including viscous flow, more general results would be obtained for a variety of viscous flow
fields. However, the results for the boundary layer flow are found to be essentially the same as those derived
this section, as far as the mean boundary layer development is not important.
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5. Concluding remarks

A thermodynamic approach has been applied to clarify the control rule underlying the boundary layer flow
system with the following conclusion.

The applicability of Prigogine’s view of the thermodynamics of irreversible processes, that is, that the rate
of entropy production is minimum in a stable, open system, was investigated in relation to the boundary layer
along a flat plate and was found to be the control rule satisfying Pontryagin’s Maximum Principle.

The result was extended to the turbulent boundary layer, and the generation of longitudinal vortices was
found to be an intrinsic natural property associated with turbulence.

The thermodynamic analysis does not reveal the mechanism of the flow but nevertheless is considered to be
useful in providing supplemental information to fluid dynamics.
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